
Differentiation of measures

e. soy that o-measure mis locallyfinite iffor
every point x we can find no sit . petBex,of soo

,

where Blurt is the closed ball centeredat a

with radius r
.

Definition let µ , d be locallyfinite Borelmeasures
on Rd

. The upper and lower derivatives of
µ with respect to X at a e Ird are .

mw¥ ←

Jenna : -- firm Trainman--¥¥o%7sIp
At the points x where the limitabove exists

picBlxirl)we write Dlpe, Axl lgzyogx.mg andwe say
that Dlm dial is the derivative of M W- r- t . d .

Homeworld ( neither collected nor . compulsory )
Prove that the functions x HDTMidix)

,
atIcm,dry

are Borel measurable functions, in the special
case when A- Ld Col- dimensionalLebesguemeasure),
via the following steps :
④ Prove that x. I→ petBeard is upperSeman

'

continuous
.
That is whenever Ki→ x then



lninoo put Blxi , rt)Epe 1Beard.
(b) Prove that in the definitions of 5cm.#&

D- (Midi x) we can restrict ourselves
to positive

national r .

To- see this you can use that

• r te pelB Cx, rt) is monotone increasing in r,
• r i→ SdlBears) is continuous in r.

14 Use that the intima & suprema of Bord

functions are Bord functions .

Recall : We say that pe is absolute continuous

W. r
. t . X if

'

NAI =o ⇒petAko

TheoremX Differentiation) Letµ & d be Radon

measures .

111 For X- ou .a . X e Rd, D Ipe , d , x) exists& finite .

SB D lMidi Mcdillx) Epe CBI forany BclRd Bord
set
,
with equality if peed .

MKX⇐ D- Cpe, d , x) soo forpe - a . ou X ElRd.

In order to prove this theorem we needo-Gama .



Lemma 2 Let pe , d be Radon measures on 1139
Octcoo & Ac Rd such that

①d- a EA, Ike, d , x)et )⇒ MIAH t .deal
⑦ Itx c- A, D-He. A,a) It)⇒ petals t.deAI.
Proof of the Lemma part ul Let E>o

.

Choose an

open set u sat
.

A - U & HUKNAHE
.

Now we apply the Vitali covering Theoremfor Redon
measures as follows : We define a collection of
balls : ta c-A pick a closed ball Bx centered
at a s -

t -

B×cu,µlB×Ktt4NB①

Let B:={Bx}×ea
.

Now we apply the Vitali Covering
Theorem for Radon measures for S3, A canola .

This yields the existence of disjoint closed
balls {Biff, St.

Bic U; plBil - Ctt4dLBi); petal!Bo) -- O.
Then disjointbolls

petals ?pelBi) ⇐It4?MBFleft4dlulafttekdcatte)
Let exo to get petal ⇐ tillAl . This completes the
proof of part H. The proofof part N t's similar and
left ate home work .

Dinowwe prove That.



Proofof Theorem l or.o< ra oo & Ossetsoo let

Asa
,
{At Blom : Dimidiate sets Thee,dry}

,

Aur : = {AE Blah : D- Cpe , dix) Zee } .
Lemma 2 yields that

tdltts.hr/EpelAs.t,rKs.dlAs.tirko# ④
u.NAu.HN/Au.rlEpelBC0i-rDeo#
④⇒ NA

,.tn/=o since set
.

④⇒ Khufu ..) -tianya.NAu.ir)- O .

G :={x : Dlm , d , x) exists & Olpe , d , x)soo } .
Then

¥¥;!-truth.oAu
The duuasuneot.to#nyTfthe!setsiszew.@
The d measure of this -is also zero.
Hence NEKO .

This completes the

proof of part cat .



Proof of Partch) Let k t < 00, BardBorel set.

Bp := {x EB : the Dcm, d,x)s t
't'

} PEZ.

Below we use part a) of this Than .I portlyof
Lemuria 2 :

SBD hee , dial ddkkp.I.oofg.MN/dixloldlxIep?otMilBp)
↳ t - % petBp) = tpelB)

p= -00

XEBp-IDTM.dk/2tP=SpelBp)ztPdlBp . Now let t H1
SBD Heidi x ) day e- feel B)

If µ⇐ d then any d-measure zero set is

also- µ- measure Zero set . Hence

D.Cpe , d , X) = Did ,µ , xIbo forµ - Oc . .a . X .
Then putB) =p E.opelBp)

§ Dlpe . Axl d =p!!BpDHeidi MdNH Zp§tjNBpl÷⇐Bp)
= peers.zSBDCpe ,ANold Cx) =MIB).



Proofof Part 131 Assume that I Cpe ,d , x)soo for
Ae - a.EX4-Rd

.

Let AalRd with MAKO.

We want to prove thotµ ⇒
.

We write Aa : = {a c- A : I Cpe, diHeels .

Then

By port of Lemmo-2 we here MIAa) see ..ACA).

T.im#tE.::T:s :

pellRd l#Au) -- o . On the other hand
,

we hone seen that petAuto
.

That is

petAko. In this way we have verified that

MAKO ⇒ putAko. That is Mad .
This completes the proofof the differentiation

of measures theorem
.
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